ABSTRACT Linear network coded cooperation (LNCC), which deeply integrates cooperative communications and linear network coding, has been proposed to increase spectrum efficiency in wireless communications. However, the issue of optimal power allocation (OPA) for multi-user LNCC systems still remains open. This paper studies the OPA problems for a multi-user two-slot LNCC system which works in a many-to-one pattern. We first analyze and present the tight approximation of the outage probability of the multi-user LNCC system by fully considering the effect of path loss, the effectiveness of which is validated by Monte Carlo simulations. On the basis of the theoretical analyses on outage performance, we further investigate the OPA strategies for multi-user LNCC systems. Two OPA strategies under different optimization criteria, i.e., minimizing the total outage probability and jointly minimizing the outage probabilities for each user under the constraint of total power available, are proposed by utilizing genetic algorithms. To the best of our best knowledge, this is the first work on OPA for multi-user LNCC systems. Numerical results demonstrate that the proposed OPA strategies do achieve the OPA and improve the system's performance.
I. INTRODUCTION
Linear Network Coded Cooperation (LNCC) is a promising cooperative communications (CC) technology [1] - [3] that allows the cooperative nodes to perform linear network coding (LNC) [4] , [5] upon multiple income packets. LNCC is capable of considerably improving the spectrum efficiency of wireless communications so that it has currently become a hot research area. LNCC schemes have been extensively studied [6] - [9] in recent years. The Binary Network Coded (BNC) cooperative scheme which involves only two users was proposed in [6] . It has been proved that compared with traditional CC, BNC cooperation can achieve better spectrum efficiency. However, the system diversity order has not been improved. In [7] , an M -user LNCC scheme named Dynamic-Network Codes (DNC) has been proposed. DNC can achieve the diversity order of 2M − 1. The extended version of DNC, that is, Generalized DNC (GDNC) was proposed in [8] . GDNC encourages each user to transmit multiple messages rather than one in the broadcast phase to improve the diversity order. In [9] , M 2 -LNCC was proposed which aims at further improving the system's diversity order.
Instead of only performing LNC upon original messages, in M 2 -LNCC, the newly generated LNC codewords also participate in the LNC combinations in the subsequent time slots. Consequently, an M 2 -LNCC system involving M users and N + 1 time slots is able to achieve the diversity order of MN + 1.
Optimal power allocation (OPA) is always an essential optimization for cooperative systems. Generally, the objective of OPA is to optimize a specific performance indicator, such as outage probability, bit/symbel error rate and spectrum efficiency, etc, under certain power constraints. OPA for traditional CC has been extensively studied in recent years [10] , [11] . However, OPA for multi-user LNCC still remains open. Seong and Lee [12] , [13] derived the exact outage probability of a two-user DNC system operated in GF(4) and thereby investigated the OPA problem. In [14] , an optimal power allocation strategy was proposed aiming at minimizing the total power subject to outage probability constraints in a two-user network coded cooperative system. Also in [15] , Chen et al. has proposed two different optimal power allocation schemes of minimizing outage probability and maximizing sum-rate in physical layer network coding cooperative system. However, the analysis frameworks of all the works mentioned above have limited in a system with only two users.
The reason why the issues of OPA for multi-user LNCC remain unaddressed may mainly because the theoretical analytical framework for the specific performance indicator remains unaddressed. Outage probability is a typical optimization criterion for OPA. However, the closed-form solution for the outage probability of a multi-user LNCC system have not been perfectly solved yet. In [16] , the lower bound of the outage probability of the two-slot multi-user LNCC system was derived, but the closed-form solution of outage probability has not been provided. In [12] and [13] , the exact outage probability of two-user LNC cooperation has been theoretically derived, but the results have not been extended to M users. In our previous work, the tight approximated outage of M -users LNCC has been presented [17] . However, the path loss has not been taken into consideration. In other words, all the channel coefficients are assumed to be with the same variances. In fact, this assumption has been applied to all of the works mentioned above. It should be noted that when path loss is concerned, the analysis on outage performance for a multi-user system is much more complex. There is no need to distinguish which specific links fail when analyzing the outage probability for a multi-user system if the path loss is not considered because the outage probability of each link is identical. On the contrary, when the path loss is taken into consideration, it is necessary to enumerate all the possible combinations of outage to figure out the overall outage probability. This makes things much more complicated.
Inspired by the above observation, we investigate the optimal power allocation for a LNCC system with M (M ≥ 2) users and 2 time slots. 1 To facilitate the power allocation, we first theoretically derive the tight approximated outage probability of LNCC system by fully consider the effect of path loss. Based on the theoretical solution for tight approximated outage probability, we further investigate the OPA problems under two different optimization criteria, i.e., minimizing the total outage probability with power constraints and jointly minimizing the outage probability for each user with power constraints. Obviously, the latter one is a multi-objective optimization problem (MOOP). Genetic algorithms (GA) are utilized to search the OPA solutions. Numerical results demonstrate that the proposed OPA strategies do achieve the optimal power allocation and improve system's performance.
In summary, the main contributions of this paper are summarized as follows:
• We focus on the outage probability of a two-slot multi-user LNCC system with many-to-one communication pattern. We derive the tight approximated outage probability of this system considering path loss with 1 The term time slot denotes the period of time during which all the users make a single transmission over the orthogonal channels.
Raleigh-fading channels. The effectiveness of our analytical framework has been verified by Monte Carlo simulations.
• We present the analytical models for the OPA problems with the objectives of minimizing the total outage probability and minimizing the outage probabilities for all the users jointly, respectively, under the total power constraint. In order to solve the power constrained optimal power allocation problems, we proposed two genetic algorithms, i.e., a constrained single-objective genetic algorithm (SOGA) and a NSGA-II [18] based constrained multi-objective evolutionary algorithm (MOEA). To the best of our knowledge, this is the first work on OPA for multi-user LNCC system, especially for multi-objective OPA.
The rest of this paper is organized as follows. Section II introduces the system model. The tight approximated outage probability is theoretically analyzed in Section III. Section IV describes the proposed power allocation strategies. Simulation and numerical results are presented in Section V. And Section VI concludes this paper.
II. SYSTEM MODEL
A general multi-user LNCC system involves one base station (u 0 ) and M ≥ 2 users (u i , i = 1, 2, . . . , M ). Each user serves as a relay for others. Each user intends to send a message (x i , i = 1, 2, . . . , M ) to u 0 . We assume that all the messages are independent identically distributed (i.i.d.) Gaussian variables. The entire cooperation process consists of two phases. The first phase is the broadcast phase. All the users broadcast their messages through orthogonal channels. It takes up one time slot. The set of users that can perfectly decode x i in the broadcast phase is denoted by D i , and the set of messages that have been correctly received by u i in the broadcast phase is denoted by
The second phase is network coding phase. u i linearly combines all the messages inR i into a LNC codeword x c i = i c i x i where c i is the network coding coefficients selected from a q-order Galois Field GF(q) and send the LNC codeword to u 0 if R i = ∅. While in the case of R i = ∅, u i simply repeats x i . The network coding phase also takes up one slot.
All the channels are assumed to be independent identically distributed Rayleigh channels with zero mean and one variance. And the noise is assumed to be additive white Gaussian noise (AWGN) with zero mean and variance of N 0 . The coefficient of the channel from u i to u j in the k th (k = 1, 2) slot is denoted as h i,j,k . And the corresponding additive white Gaussian noise is donated as n i,j,k . All the channels are also assumed to be block fading, i.e. the channel fading coefficients remain constant during ONE transmission, and reciprocal, namely h i,j,k = h j,i,k .
All the variables and parameters which will be used in the following analyses, derivations and proofs are listed in Table 1 . 
III. OUTAGE PERFORMANCE A. OUTAGE PROBABILITY OF A SINGLE TRANSMISSION
For the transmission over the direct link from u i to u j in the k th slot, the received message is
where
is the transmission power of u i , d i,j,k is the distance between u i and u j in the k th slot, α is the path loss coefficient, G pl is the path loss constant which is decided by the total antenna gain, the carrier wavelength, the link margin, and the receiver noise.
The mutual information between x i,k and y i,j,k is
and the factor 1 M is account for the fact that the overall spectrum resources are uniformly shared by M users. An outage occurs if I i,j,k < R where R is the desired spectrum efficiency. Hence, the outage probability of the link from u i to u j in the k th slot can be calculated as
It should be noticed that, in a LNCC system, an outage of a single link does not certainly result in the failure of the message delivery. That is because not only the original message itself, but also some LNC codewords contain the information of the original message. Thus, in the following sections, the outage probability is analyzed in two scenarios:
B. DECODE SET IS NONEMPTY
In the following analyses, we assume that any two randomly generated LNC codewords are independent. It is reasonable for a linear network coding over a finite field with sufficiently large field size. And without loss of generality, we consider the outage probability of u i , denoted as
Let X i be the set of users whose messages have been successfully received by at least one user inD i in the first phase andD i ⊆ X i . During the entire process of cooperation, the following original messages and LNC codewords are sent to u 0 by users in X i : 1) |X i | original messages sent in the broadcast phase; 2) |D i | LNC codewords, each of which is composed of
In the broadcast phase, for a given As a result, the probability of
In the case of |X i | = M , during the entire process of LNCC, there are M original messages and M LNC codewords are sent to u 0 . All of these LNC codewords only contain the information of the users in X i . Therefore, |X i | = M implies that the network coding coefficient matrix related with x i has 2M rows and is composed of all the original messages and the LNC codewords. According to the prerequisite of decoding LNC, an outage of x i occurs if
• an outage occurs in the link from u i to u 0 in the broadcast phase, and
• at least M other original messages and LNC codewords cannot be correctly decoded by u 0 .
So, for a givenD i (D i = ∅) and |X i | = M , the outage probability for x i is
and O is shown in (8) 2) |X i |<M if u y ∈ X i −D i is not able to decode the x l (u l ∈ X j i ) during the broadcast phase, its LNC codeword will only contain the information of the users in X i . The probability that there are
Consequently, in the case of |X i |<M and for a given D i = ∅, u 0 fails to recover x i if
• at least (D i + n) LNC codewords out of (|D i | + |X j i | + n − 1) codewords which only include the information of the users in X j i cannot be correctly decoded by u 0 in the cooperation phase, Therefore, for a given D i = ∅ and |X i | < M , the outage probability of x i is given in (10) at the bottom of this page.
From (6) and (10), we have
Therefore, in the case of D i = ∅, the outage probability of x i is
C. DECODE SET IS EMPTY
Evidently, R i = ∅ if D i = ∅ since the channels are supposed to be reciprocal. A total of two copies of x i are received by
u 0 during the broadcast phase and cooperation phase, respectively. These two signals have been independently faded since they are transmitted in two phases. As a consequence, u 0 can exploit time diversity and use Maximal Ratio Combining (MRC) to recover x i . The total mutual messages can be obtained as
is the received SNR with distance coefficient.
For independent Rayleigh fading channels, the outage probability is
where g i,0 = 
where (a) is the gamma function with the argument a. Finally, for a given D i = ∅, the outage probability of x i , denoted as O 2 i , is
In summary, by (12) and (16), we can finally obtain the overall outage probability of x i as
IV. OPTIMAL POWER ALLOCATION FOR LNCC
Optimal power allocation is an efficient way to improve system's performance. In this section, we investigate the optimal power allocation for multi-user LNCC system under the constraint of total available power aiming at 1) minimizing the sum of the outage probabilities of all the users and 2) jointly minimizing the individual outage probability of each user.
A. OPA TO MINIMIZE THE SUM OF THE OUTAGE PROBABILITIES
The OPA problem aiming at minimizing the sum of the outage probabilities over all the users under the constraint of total available power can be formulated as
where p = {p 1 , p 2 , . . . , p M } denotes a specific power allocation solution, P is the set of feasible solutions,p is the maximum available total power for the LNCC system, and p min i and p max i are the minimum and maximum allowable transmit power at u i , respectively. C1 accounts for the total power constraint and C2 specifies the transmit power constraints of for individual user.
An SOGA is proposed to solve the single-objective optimization problem in (18) . Genetic algorithm [19] , [20] is essentially an evolutionary algorithm, which is inspired by the process of natural evolutionary selection. One of the attractive characteristics of genetic algorithm is that it can efficiently find the optimal or suboptimal solutions by global random search even if the objective functions are discontinuous or non-convex since a group of individuals, instead of a single one, is initialized in the initialization period of genetic algorithms. This is of profound significance to practical optimization problems. Moreover, the computational time complexity of genetic algorithm is O(n 2 ).
An genetic algorithm typically relies on bio-inspired operators including selection, mutation and crossover.
1) SELECTION
Selection is the stage in which individuals are chosen via a fitness-based competition (evaluated by a fitness function) from the population (P) for later breeding. For OPA problems, an individual (p ∈ P) corresponds to a specific power allocation, that is, p = {p 1 , p 2 , . . . , p M }, and the fitness function is typically a particular type of the optimization objective function. For the OPA problem formulated in (18) , the fitness function is defined as
Roulette wheel selection are utilized to select potentially outstanding individuals, as shown in Algorithm 1. The probability for an individual of being selected as an potentially outstanding one is
Obviously, the fitter individuals are more likely to be selected.
2) CROSSOVER
Crossover is a genetic operator used to producing children by selecting vector entries from parents and recombining them VOLUME 7, 2019 
3) MUTATION
Mutation is a genetic operator used to introduce and maintain diversity in the genetic population. Mutation is usually applied with a low probability (Pr m ). In this paper, we use non-uniform mutation [21] shown in Algorithm 3. The mutation of the randomly chosen gene (v) is expressed as follows.
where v max and v min are the upper bound and lower bound of v, respectively, r is a random number in [0, 1] , g is the current generation and G is the maximum number of generation.
In summary, as shown in Algorithm 4, the genetic algorithm based OPA procedure can be described as follows: S1: Generate the initial population (P) with the size of N randomly. S2: Calculate the fitness function F(p) for each individual in P. S3: Repeat the following steps to produce the next generation population (P new ) until the size of P new reaches N . S3.1: Choose two individuals from P (they are parents) by using the Roulette Wheel Selection. v ← p(pos) 4 :
if r > 0.5 then
p(pos) ← v + δ 10: 
S4:
Replace P (the current generation of population) with P new . S5: Stop the algorithm if the termination condition is met.
Otherwise, back to step S2.
B. MULTI-OBJECTIVE OPA
In this section, we consider the optimal power allocation problem aiming at jointly minimizing the outage probabilities of for all the users simultaneously rather than together. Hence, this is a typical constrained MOOP which can be formulated as follows.
In order to find the optimal power allocations, we propose a NSGA-II based constrained MOEA to deal with the MOOP. NSGA-II was an upgraded version of the famous NSGA. NSGA-II proposes the fast non-dominated sorting procedure, the elitism strategy and the crowdedcomparison method to reduce the computational complexity, achieve better convergence and guarantee diversity and spread of solutions. Instead of returning one optimal solution, NSGA-II is able to find a set of Pareto optimal solutions in parallel. In the meantime, the computational complexity of NSGA-II is O (MN 2 ) where M denotes the number of objective functions and N denotes the population size. for each p ∈ P do 7: Calculate F g (p).
8:
end for 9: for each p ∈ P do 10: Calculate P sel (p).
11:
end for 14 :
repeat 16 :
Crossover(p 1 , p 2 , Pr c ) 18 :
19:
20:
21:
until P new = N 22:
else 27:
First, the parameters including the population size 2N , the maximum number of generations G, the probability of crossover Pr c , the probability of mutation Pr m and the distribution index for crossover η c and mutation η m operators shall be initialized. Then, the individuals (chromosomes represented by power allocation solutions) of the initial population (P) are randomly selected constrained by C1 shown in (22b). Each individual representing a possible power allocation.
2) CONSTRAINED FAST ELITIST NON-DOMINATION SORTING
Constraint handling method remarkably affect the performance of generic algorithms. In this paper, a dominance based method is exploited to handle the power constraints.
First, calculate the constraint violation of each individual in (P) as follows:
where the operator · returns zero if the operand is nonnegative, otherwise it returns the operand's absolute value. All the 2N individuals are accordingly classified into two sets: 1) the feasible individuals set where any individual has = 0, and 2) the infeasible individuals set where any individual has > 0. Then, all the feasible individuals are ranked on the basis of the fast elitist non-domination sorting [18] . The crowding distances of all the feasible solutions are also calculated. After that, all the infeasible solutions are sorted in ascending order of the constraint violations and ranked accordingly from the next rank of the highest rank of feasible solutions. The crowding distances of all the infeasible solutions are set to infinity. As a consequence, we have 1) The feasible solutions are always ranked better than the infeasible ones; 2) For any two infeasible solutions, the one with a smaller is ranked better. Algorithm 5 presents the pseudocode of the constrained dominance based constraint-handling approach.
Algorithm 5 Constraint-Handling Approach
1: For each p ∈ P, compute (p) 2: Sort individuals in ascending order according to (p)
if (p) = 0 then 6:
else 8:
end if 10: end for 11: Rank cur ← 1 12: for each p ∈ P f do 13: Perform fast elitist non-domination sorting 14: Perform crowding distance assignment 15: end for Rank cur always indicates the highest rank. 16 : Sort elements in P inf in ascending order 17: for each p ∈ P inf do 18: Rank cur ← Rank cur + 1 19: Rank p ← Rank cur + 1 20: Dist p ← ∞ 21: end for
3) GENETIC OPERATIONS
Thus far, every individual in the population has been assigned a rank and a crowding distance. Three genetic operations which are selection, crossover and mutation, respectively, are performed to generate offsprings. First, the rank and crowding distance based binary tournament selection are used to choose the mating population. The selection criteria is as follows: if the ranks of the two candidates are the same, the candidate with a larger crowding distance is chosen; otherwise, the one with a lower (better) rank is chosen. Then offsprings are created by performing simulated binary VOLUME 7, 2019 crossover (SBX) and diversities are introduced by performing polynomial mutation.
4) FINAL SOLUTION SELECTION
What NSGA-II returns is the Pareto front containing a set of Pareto optimal solutions. The final accepted solution is to be selected from it. Various criteria, such as min-max criterion, min-sum criterion, etc, can be adopted to choose a specific solution among the Pareto optimal solutions.
In summary, the NSGA-II based constrained MOEA is presented as follows:
s1: Initialize the parameters and P. s2: Compute the constraint violation for each individual by (23). s3: Rank P by constrained fast elitist non-domination sorting approach and perform crowding distance assignment. s4: Repeat the following steps for G times.
s4.1: Choose the parents from the population by the binary tournament selection algorithm on the basis of the ranks and the crowding distances. s4.2: Perform SBX to generate offsprings. s4.3: Perform polynomial mutation to introduce diversities. s4.4: Combine current parent population and offspring population to create a new population. s5: Obtain the set of Pareto optimal OPA solutions.
V. NUMERICAL AND SIMULATION RESULTS
In this section, we first present the numerical and simulation results. Unless otherwise stated, the path loss exponent (α) is supposed to be 4 and the power spectrum density of the AWGN is −174dBm/Hz. The desired spectrum efficiency is set as 1bit/s/Hz. Fig. 1 shows the comparisons between the results obtained by theoretical analysis and the Monte Carlo simulations, respectively. We consider a two-slot multi-user LNCC system. The scenario is plotted in Fig.2(a) where all the nodes, including the users and the BS, are randomly distributed. The distance between any two nodes is less than 1000 meters. As shown in Fig. 1 , the curves of the theoretical results and the simulation results almost overlap each other, which validates the effectiveness of (17) .
A. CORRECTNESS OF THEORETICAL ANALYSES ON OUTAGE PROBABILITY
Next, we investigate the impact of the distance between the source and the BS upon outage probabilities in the LNCC system. The scenario is depicted in Scenario B in Fig. 2(b) . User1 (the source) moves along the circle centered at user2 (the cooperator) and with the radius d 2,BS (1000 meters). Obviously, in this scenario, both of d 1,2 and d 2,BS are fixed and the only distance that varies is d 1,BS . This allows us to effectively observe the affects that d 1,BS imposes upon the outage performance. The result is plotted in Fig.3 where it can be observed that the outage probability of the LNCC system reduces when user1 moves towards the BS. It is quite reasonable since shorter d 1,BS results in weaker path loss and hence greater SNR at BS.
In scenario C shown in Fig.2(c) , we further study the effect of the inter-user distances on the outage performance of the LNCC system. Compared with Scenario B, in this scenario, the source (user1) moves along the circle centered at the BS instead of the cooperator. The radius of the circle is also 1000 meters. Therefore, only inter-user distance ( plotted in Fig. 4 in order to make the results more distinctly. We can observe that basically the ratio is greater than one. Moreover, for a given p i /N 0 , the ratio is inversely proportional to the inter-user distance. Hence, it can be concluded that the increasing of the inter-user distances leads to the rising of the outage probability of LNCC system.
B. EFFECTIVENESS OF OPA SCHEMES
In order to verify the effectiveness of the proposed optimal power allocation schemes, we apply the schemes to the cooperative communication system also shown in Fig.2 . The maximum transmission power of u i (p max i ) is 28dBm, the minimum transmission power of u i (p min i ) is 0dBm, and the total available transmission power for the system (p) is 48dBm.
We first present energy-efficient optimal power allocation scheme aiming at minimizing star point located at the bottom of the surface indicates that the result obtained by the genetic algorithm do converge to the minimum of Fig.6 compares the sum of the outage probabilities between the uniform power allocation scheme and the proposed OPA scheme. For the uniform power allocation scheme, the maximum available power is uniformly allocated to all the users. It is shown in the Fig.6 that the proposed OPA scheme is superior to uniform power allocation. Fig.7 presents the results of NSGA-II based OPA strategy in a two-user LNCC scenario. In this scenario, (p max i ) is 20dBm and (p) is 30dBm. The red dots are the optimal solutions obtained by OPA strategy and the gray dots are feasible solutions obtained by Monte Carlo simulations. For each Monte Carlo simulation solution, the average of 10 6 simulation results is adopted.
It can be found in Fig.7 that the red dots do converge to the Pareto front of the feasible solution space consists of gray VOLUME 7, 2019 FIGURE 7. Multi-objective optimal power allocation. dots. If the min-max criterion is employed, the optimal solution (p 1 = 11.3dBm, p 2 = 18.7dBm) is selected as the final solution with the outage probabilities of (p 1 = 0.02317, p 2 = 0.02318). And for the min-sum criterion, the optimal solution obtained is (p 1 = 11.3955dBm, p 2 = 18.6045dBm) and the resulting outage probabilities of (p 1 = 0.02298, p 2 = 0.02335). Fig. 8 illustrates the min-max and min-sum outage probabilities under various power allocation schemes which are optimal power allocation, uniform power allocation (UPA) (p 1 = p 2 = 0.5p) and random power allocation (RPA), respectively. For the random power allocation, p 1 is randomly selected from [p − p max , p max ], and p 2 =p − p 1 . Thus, it can be guaranteed that all the power allocation solutions are feasible. Moreover,p = 30dBm and p max = 20dBm. It can be observed that for both criteria, the NSGA-II based OPA achieves the best outage performances. In detail, for UPA, the maximum outage probability is 0.0348, and the outage probability summation is 0.0557. Meanwhile, for RPA, the average maximum outage probability is 0.0364 (with the upper bound of 0.0567 and the lower bound of 0.0232), and the average outage probability summation is 0.0581 (with the upper bound of 0.0778 and the lower bound of 0.0463). As expected, the outage probabilities that the OPA achieves are sufficient close to the lower bounds of RPA.
VI. CONCLUSIONS
This paper has investigated the optimal power allocation for two-slot multi-user LNCC systems with many-to-one communication pattern. First, we have presented the theoretical analyses on outage probability performance. We have taken the path loss into consideration and have deduced the closedform expression for the tight approximated outage probability of a multi-user LNCC system. Then, we focus on two optimal power allocation problems, one is to minimize the total outage probability and the other is to jointly minimize the outage probability for each user. We have modeled the two OPA problems into a single-objective optimization problem and a multi-objective optimization problem, respectively. A constrained genetic algorithm and a NSGA-II based constrained multi-objective evolutionary algorithm have been proposed to solve these optimization problems. Monte Carlo simulations have been conducted to verify the effectiveness of the proposed OPA schemes.
